Kakutani property of the polytopes implies Kakutani property of the whole space  by Keimel, Klaus & Wieczorek, Andrzej
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 130, 97-109 (1988) 
Kakutani Property of the Polytopes implies Kakutani 
Property of the Whole Space 
KLAUS KEIMEL 
Fachbereich Mathematik, Technische Hochschule, 
6100 Darmstadt, West-Germany 
AND 
ANDRZEI WIECZOREK 
Institute of Computer Science, Polish Academy of Sciences, 
P.O. Box 22, 00-901 Warsaw, Poland 
Submitted by Ky Fan 
Received July 14, 1986 
This paper deals with the following property of a space X: for every upper 
semicontinuous function @ from X to nonempty closed convex subsets of X, there 
exists xc, which is in @(x0). We derive this property of X from the same property 
assumed to hold for the polytopes in X. Convexity in our setup is given in an 
abstract axiomatic way. The results are also reformulated in the order theoretical 
language of continuous lattices. 
Our results directly generalize (a) an extension of the Kakutani Fixed Point 
Theorem to compact convex sets in locally convex spaces, due to Ky Fan and I. L. 
Glicksberg, and (b) the Fixed Point Theorem of Wallace concerning set-valued 
functions on trees. 0 1988 Academc Press, Inc. 
1. INTRODUCTJ~N 
In the present paper we investigate the following “Kakutani Property” 
(the designation seems to have been introduced by Smart [lo]) of a 
topological space X with a distinguished family X of closed sets: every 
upper semicontinuous relation in X whose sections are nonempty elements 
of X meets the diagonal {(x, x); x E A’}. 
We work in an abstract setting in which X is just any family of closed 
sets stable under arbitrary intersections; its members may be interpreted as 
sets which are “closed and convex.” The first approach of this kind 
appeared in a work of Levi [9]; related settings have been exploited by 
Fuchssteiner [3], Kay and Womble [S], Jamison [6], Tiller Cl I], 
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Van de Vel [ 121, and many others. Certain subsets of the space under 
consideration are distinguished and called “polytopes.” Our result derives 
the Kakutani Property of the whole space from the same property assumed 
to hold for the polytopes. 
Two well-known theorems in fixed point theory can be derived as special 
cases: when substituting a compact convex set in a Hausdorff locally con- 
vex vector space for X and closed convex sets in X for X in Corollary 4, 
we obtain the Fixed Point Theorem of Ky Fan [2] and Glicksberg [S]; 
when substituting a tree for X and its closed connected subsets for X we 
obtain a generalization of the Fixed Point Theorem of Wallace [14]. 
Early versions of some results in this paper have been included in the 
works of Wieczorek [ 16, 171 and Wissel [ 19, p. 32, Theorem 11. 
2. THE FIXED POINT THEOREM 
In this section we formulate and prove our main result in the language of 
abstract convexities. We warn the reader that we use the term “convexity” 
in a nonstandard way. 
A convexity on a topological space X is a family X of closed subsets of 
X which contains X as an element and which is closed under arbitrary 
intersections. Elements of X will be called contlex sets. (In the whole paper 
we do not consider any “convex” sets which were not closed; however, to 
avoid any misunderstanding, we shall always speak of sets which are 
“closed and convex.“) A convexity is regular whenever for every C E X and 
every x $ C there is a D E X including C in its interior and disjoint from x. 
It is important to notice that a conoexity on a compact Hausdorffspace is 
regular if and only if every closed convex set has a neighborhood basis of 
closed conuex sets. But note that singletons need not be convex. 
If X is a convexity on X and A is a subspace of X, then the family 
X 1 A := {C n A; CE X} is a convexity on A called restriction of X to A. 
Zf X is regular then so is X 1 A. 
Recall that a binary relation @ E Xx X in a topological space X is upper 
semicontinuous (abbreviated u.s.c.) if all its sections a(x) := {y E X, 
(x, y) E @} are closed and if the following condition is satisfied: 
for all X,EX and every neighborhood U of @(x,,) there is a 
neighborhood I’ of x0 such that G(x) E U for all x E V. 
In a compact Hausdorff space X, upper semicontinuous relations are 
simply closed subsets of Xx X. (Note that we prefer to talk about relations, 
i.e., graphs of set-valued functions, instead of set-valued functions x + a(x) 
themselves.) 
We shall say that a topological space X has the Kukutani Property w.r.t. 
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a convexity x, whenever for every U.S.C. relation @ in X with nonempty 
convex sections @(-y) there is an x0 such that x,, E @(x0). 
Our main result is the following: 
THEOREM 1. Let x be a regular convexity on a compact Hausdorff 
space X. Then X has the Kakutani Property w.r.t. x zf and only if there 
exists a dense set X0 c X such that every finite set Fc X,, is included in a 
closed convex set C, which has the Kakutani Property w.r.t. x ( C,. 
Before proceeding to the proof, we shall define the notion of the closed 
convex hull: for every set A 5 X let 
hull, A := n (CE %!-; A G C}. 
For every U.S.C. relation Y in X we denote by Y* the relation defined by 
Y*(x) := hull, Y(x), for xEX. 
LEMMA 2. Zf x is a regular convexity on a compact Hausdorff space K 
and Y is a U.S.C. relation in X then also Y* is U.S.C. 
Proof Choose any X,,E X and a neighborhood U of Y*(x,). By 
regularity, there exists a closed convex neighborhood W of Y*(x,) 
included in U. Clearly, W is also a neighborhood of Y(x,,). Since Y is u.s.c., 
there exists a neighborhood V of x0 such that Y(x) c W for any XE V. 
Since W is closed and convex, we have Y*(x) = hull, Y(x) G WE; U. 
Also recall a few well-known facts: 
LEMMA 3. (a) The composition Y 0 @J of two U.S.C. relations on a compact 
Hausdorff space is also U.S.C. 
(b) The restriction of a U.S.C. relation to a closed subset is also U.S.C. 
Proof of Theorem 1. In order to prove the “if” part of the theorem 
assume that @ is a U.S.C. relation with nonempty sections Q(x) E 37. For 
every closed symmetric entourage of the uniform structure of X, i.e., for 
every closed symmetric neighborhood E of the diagonal in Xx X, let 17, 
denote the relation (Eo @)*. Sections of this relation are closed convex 
hulls of the uniform E-neighborhoods of the sections of @. First we show 
that @ coincides with the intersection of flE, when E runs through the set 
of all closed symmetric entourages. Clearly, @ is contained in every 17,. 
Conversely, let (x, y) 4 @, i.e., y 4 Q(x). Then, by regularity, there is a 
D E 2- which includes G(x) in its interior and which is disjoint from y. Let 
E be a closed symmetric entourage such that (Eo Q)(x) G D. Then 
Y 4 (Eo@)* (xl, i.e., (x, Y) $17,. 
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For every closed symmetric entourage E, let Fix(E) denote the set of all 
x with x E n,(x), i.e., the set of all “E-approximate fixed points.” By Lem- 
mas 3(a) and 2,17, is u.s.c., whence Fix(E) is compact. We now prove that 
it is nonempty: Let F be a finite subset of X0 such that the E- 
neighborhoods E(x), x g F, cover X, and let CF~ x be a convex set which 
includes F and which has the Kakutani Property w.r.t. x 1 CF. By Lem- 
ma 3(b) the restriction of Z7E to C, is U.S.C. and its sections n,(x) n CF are 
nonempty members of x ) C,. Consequently, there is an x E CF such that 
x E n,(x) n CF. A fortiori, x E Fix(E). 
As E E E’ implies Fix(E) E Fix(E), the family of closed sets Fix(E) is 
nested, when E runs through the set of all closed symmetric entourages. 
Therefore their intersection contains some x0. As x0 E 17,(x,) for all E, we 
conclude that x,, E @(x0) from the above. This accomplishes the proof of 
Theorem 1. 
We shall now formulate an important special case of Theorem 1. Its 
proof is immediate. 
If Z is a convexity in a topological space X and F is a nonempty finite 
subset of X, then hull, F is called a polytope (generated by F). 
COROLLARY 4. Let x be a regular convexity on a compact Hausdorff 
space X. If every polytope P in X has the Kakutani Property w.r.t. ST) P, 
then X has the Kakutani Property w.r.t. %?. 
In view of Corollary 4 it may be of interest to know when the Kakutani 
Property of the whole space implies the Kakutani Property of its 
polytopes. A sufficient condition is provided by the following proposition: 
PROPOSITION 5. If a topological space X has the Kakutani Property w.r.t. 
a convexity 3T and if CE x is a retract of X, then C has the Ktikutani 
Property w.r.t. % 1 C. 
Proof Let @ be a U.S.C. relation in C whose sections are nonempty 
members of xx. Let r : X + C be a retraction. We consider the relation 0’ in 
X defined by Q’(x) := @(r(x)) for XE X. Obviously @’ is U.S.C. Therefore 
there is an x0 E X with x0 E @‘(x0). Since a’(~,,) = @(r(x,,)) c C, we have 
x0 E C and consequently x0 E 0(x0). 
3. CONSEQUENCES 
We shall now derive some important well-known theorems from 
Corollary 4. We begin with the Fixed Point Theorem of Ky Fan [2] and 
Glicksberg [S]. By means of Corollary 4 this theorem can be reduced to 
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the Kakutani Fixed Point Theorem [7]. In fact, our proof of Theorem 1 
can be viewed as a rephrasing of Ky Fan’s and Glicksberg’s proofs in the 
appropriate abstract setting. 
Convexity in a convex subset X of a topological vector space E is 
understood to consist of all closed subsets of X which are convex. If E is 
locally convex and X is compact, then the convexity in X is regular. Indeed, if 
C is a closed and convex subset of X and x 4 C then there is a closed and 
convex neighborhood K of the origin in E such that x $ C + K. The set 
X n (C + K) is a closed and convex neighborhood (in X) of C, disjoint 
from x. 
THEOREM 6 (Ky Fan and Glicksberg). Every nonempty compact convex 
set in a Hausdorff locally convex vector space has the Kakutani Property. 
Proof Every polytope in the convex set in question, say X, is aflinely 
homeomorphic with a polytope in a Euclidean space (cf. [l, p. 27, 
Thtoreme 2). Thus, by the Kakutani Theorem, it has the Kakutani 
Property. Since the convexity in X is regular, we apply Corollary 4. 
Another consequence of Corollary 4 is the Fixed Point Theorem of 
Wallace [14]. We shall deduce its generalization by means of an easy 
lemma and the Kakutani Property of generalized arcs. 
For i = 1, 2, let Xi be a topological space, let x be a convexity on Xi, 
and let xie Xi. By X, v X, we denote the space obtained from the disjoint 
union of X, and X, by identifying x, with x,; now we may view X, and X, 
as having just one point x1 =x2 in common. There is a natural convexity 
~lv~ZonX,vX,:asetCbelongsto~lv~ZiffCnX,~~l,CnX,~ 
x, and (C n X, = Qj or C n X, = 0 or x, E C). The convexity so constructed 
is regular tf S, and x, are regular. 
LEMMA 7. Zf for i = 1, 2, a topological space X, has the Kakutani 
Property w.r.t. a convexity & and ifxie Xi is such that {xi} E &-, then the 
space X1 v X2 has the Kakutani Property w.r.t. x, v x,. 
Proof Let @ be a U.S.C. relation in X, v X, all of whose sections are 
nonempty members of x, v x,. Suppose that x2=x1 4 @(x1). Then either 
@(x1) s X,\X, or @(x1) E X,\X,. 
Assume the first case. Consider the relation @’ in X, defined by 
Clearly, @’ is U.S.C. and all its sections are nonempty elements of x1, thus 
there is a ye X, such that ye Q’(y). Obviously, ye G(y). 
A tree is a compact, connected, and locally connected Hausdorff space X 
in which any two points a # b can be separated by a third one, i.e., there 
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exists x such that a and b are contained in disjoint connected components 
ofx\W 
Every tree T has the following properties (for a proof apply an easy 
reasoning or see Ward [15] or Whyburn [ 181; in the context of 
convexities see Van de Vel [ 12, p. 241 or Jamison [6, pp. 555571): 
(a) An intersection of any family of closed connected subsets of T is 
connected. 
(b) rf C c T is closed and connected and x $ C, then there is a closed 
connected set C’ G T such that C 5 Int c’ and x +! C’. 
(c) The smallest closed connected subset of T containing elements 
x, , ,.., x, E T has the form C, v . . . v C,_ , , where every Ci is a generalized 
arc (i.e., it is homeomorphic to a Dedekind complete totally ordered set 
without gaps endowed with its interval topology), and, for i = 2, . . . . n - 1, 
Ci has a one-point intersection with C, w . . . v Cip,. 
By (a), the family of all closed connected subsets of a tree is a convexity; 
by (b) it is regular; (c) determines the shape of polytopes hull{x,, . . . . x,}. 
THEOREM 8. Every tree has the Kakutani Property w.r.t. the collection of 
ail closed connected subsets. 
Proof We first prove that generalized arcs have the Kakutani Property. 
Let @ be a U.S.C. relation in a generalized arc A, whose sections are non- 
empty closed intervals in A. As the relation < totally ordering A is closed, 
the relations 
in A are also U.S.C. Thus, for i= 1, 2, the sets 
are closed in A. Obviously A = Al u A,. Since A is connected, 
A,nA,#0.Leta~A~nA,.Thusthereare,fori=1,2,b~~~~(a),which 
means that 
b, E @(a), a <b,, b, E @(a), and b, < a. 
Since @(a) is an interval, a E @(a). 
By the previous considerations and Lemma 7, every polytope in a tree 
also has the Kakutani Property. Since the convexity in question is regular, 
we can apply Corollary 4 to accomplish the proof. 
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4. KAKUTANI PROPERTY OF COMPACTIFICATIONS 
In the present section we shall consider the Kakutani Property of com- 
pactifications of a given space. The results arise as an application of 
Theorem 1; some ideas have been suggested to us by J. D. Lawson. 
Let e be a homeomorphic embedding of a topological space X into a 
space p. We shall say that a convexity 3’ on X is consistent with a 
convexity 2 on 8 (w.r.t. e) if xx’ := {e(K); KE S+/} is a restriction of 2 to 
e(X) and e(X) is a union of an upward directed (by inclusion) family of 
elements of 2 (or, equivalently, if every finite set Fc e(X) generates the 
same polytope in e(K) w.r.t. S’ and in 2 w.r.t. 2). 
We warn the reader who is familiar with M. Van de Vel’s [ 131 conept of 
“compactilication of topological convex structures” that it is essentially 
different from our concept of consistent convexities (we obviously mean 
only the case where (e, 8) is a “usual” compactification of X). 
The following statement follows immediately from Theorem 1 (see also 
Corollary 4): 
PROPOSITION 9. Let AC be a convexity on a topological space X, such 
that every polytope P in X has the Kakutani Property w.r.t. S 1 P. If % is a 
compactification of X and 2 is a regular convexity on z, consistent with 3C, 
then 3 has the Kakutani Property w.r.t. 2. 
We shall now specify conditions for a convexity x on a space X which 
guarantee the existence of a compactilication w and convexity 2 satisfying 
the assumptions of Proposition 9. In this case we also offer a construction 
of such R and 2. 
A real fuction f defined over a topological space X is quasi-linear w.r.t. 
a convexity x on X if f-'(Z) E x for every closed (also unbounded) 
interval 1. 
A convexity x on a topological space X is completely regular if it 
satisfies the following conditions: 
(a) S? is a closed subbase for the topology of X; 
(b) ~7 includes all singletons; 
(c) for every KE x and x$e there exists a quasi-linear function f 
defined over X such that f (K) = (0) and f (x) = 1. 
Obviously, every completely regular convexity is regular. The restriction 
of a completely regular convexity (to any subspace of the considered space) 
is also completely regular. 
The box convexity on a topological product space [0, 11” (9 is any set) 
is the one which consists of all sets (called boxes) of the form ZZ,, F [af, b,-] 
with 0 < af< bf< 1 for all f E 9. The box convexity is completely regular. 
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For any topological space X and a fixed convexity .z? on X we denote by 
Y(X) the set of all quasi-linear functions over X and define a mapping 
E: X-+ [0, lIsFCx) by 
E(X) := (f(x);fE 9). 
PROPOSITION 10. A convexity x on a topological space X is completely 
regular if and only if E is a homeomorphic embedding and an isomorphism 
between x and the restricted box convexity on E(X). 
The proof of the proposition is straightforward. 
Let x be a completely regular convexity on a topological space X. We 
shall denote by X the closure of E(X) in [O, llFCx) and by 2 the restric- 
tion of the box convexity in [0, l] F?p(x) to 2. (Actually X is a kind of 
“universal” compactilication of X.) 
THEOREM 11. Let 3? be a completely regular convexity on a topological 
space X. If all polytopes in X are compact and condition (c) is satisfied in a 
stronger form: 
(cl) for every K E Z and every polytope P disjoint from K there exists 
a quasi-linear function f defined over X such that f (K) = (0) and f (P) = { 1 }; 
then the convexity z$? in 8 is regular and consistent with 2. 
Proof: In view of the previous remarks it suffices to show that for every 
polytope P c X, E(P) belongs to the restricted box convexity in 2. Let 
a= (a/) E Xand a+&(P). We want to show that there is a box in [0, llFCx) 
containing E(P) and disjoint from a. As E(P) is compact, there is a 
neighborhood B of a in [0, l] S(X) disjoint from E(P). We may assume that 
B is a box. The set &-‘(Bn s(X)) belongs to x and it is disjoint from P. 
By (c’) there is an f. E F(X) such that fO(C) = (0) and f,(P) = {I}. We 
find out that arO = 0 while E(P) G {x E [0, l]S’x’; xfo = 1 }. The latter is a 
box not containing a. 
We close this section by mentioning an example: every convex set X in a 
locally convex topological vector space, taken with the family x of all its 
convex relatively closed subsets, satisfies the assumptions of Theorem 11. 
5. AN ORDER-THEORETIC REFORMULATION 
Results of the type presented in this paper can also be formulated in the 
convenient language of continuous lattices. We give below a necessary 
minimum of definitions and formulate a theorem proved by F. J. Wissel in 
an unpublished work t-191. Theorem 14 below makes use of a concept 
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named in the sequel “K-property,” which is very similar to our “Kakutani 
Property.” A formal comparison will be presented in the sequel. 
Let 9, ordered by <, be a complete lattice. For any C, DE 9, the 
relation C B D means that for every family (C,) of elements of 9 with 
inf, C, < D there is a finite set of indices a i, . . . . a, such that inf, C,, d C. 
From now on we assume that 9’ is continuous, i.e., that every DE 2 is 
an inlimum of the family {C E 9; C $ D} (we refer to [4] for examples 
and equivalent descriptions of continuous lattices, but note that we use the 
order dual of the concepts considered in [4]). The Scott topology on 9 is 
the coarsest one in which all the sets of the form 
Jc:=(DE~P;c~D}, CEY, 
are open; the Lawson topology is the coarsest one in which all sets of the 
form & C are open and all sets of the form 
JC:=(DE~;D<C}, CEY, 
are closed. From Theorem 111.1.10 in [4] we have: 
PROPOSITION 12. Every continuous lattice is compact and Hausdorff in 
its Lawson topology. 
An element P # 0 of 9 is called irreducible if it is not a supremum of two 
strictly smaller elements. For later use we record: 
PROPOSITION 13. Let 9 be a continuous lattice. 
(a) Every CE 3 is a supremum of irreducibles. 
(b) ZfX is a Lawson closed subset of 2’ such that every element of 2 
is a supremum of elements in X, then X contains all irreducibles. 
(c) For every D E 2, the set 1 D, taken with the ordering of 9, is also 
a continuous lattice. The irreducibles in 1 D are just those irreducibles in 2 
which are majorized by D. 
The statements (a) and (b) immediately follow from 1.3.10 and V.2.1 of 
[4], respectively, while (c) is obvious. 
We say that a set X G 9 has the K-property in 9 if, for every function 
cp: !E + 9\ (0) (0 is the smallest element in 9) which is continuous with 
respect to the Lawson topology on .!Z and the Scott topology on 9, there 
exists a E0 E 3 such that E,, d cp(E,,). 
Here is the theorem proved by F. J. Wissel (we slightly generalize the 
originali formulation to get closer to the formulation of our Theorem 1): 
THEOREM 14. Let 2’ be a continuous lattice and let Xc 9 be a Lawson 
closed set containing all the irreducibles in 2. Then X has the K-property in 
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6p if and only if there exists a dense set x0 E !Z such that every finite set 
F c ZO is majorized by some element C9 E 9 such that J C9 n % has the 
K-property in 1 CF. 
A special case of Theorem 14 sounds very natural in the language of 
continuous lattices. In order to formulate it, we shall denote by Y the 
Lawson closure of the set of all irreducibles in 2. 
COROLLARY 15. If for every finite set 9 of irreducibles in a continuous 
lattice 9, the set (Jsup 9) n Y has the K-property in 1 sup 9, then Y has 
the K-property in 2’. 
We shall now try to compare the results included in Theorems 1 and 14. 
Let X be a convexity on a topological space X. Ordered by inclusion, X 
forms a complete lattice whose operations of inlimum and supremum 
obviously are 
infC,=nC, and sup C, = hull, u C,. 
PROPOSITION 16. Let x be a regular convexity on a compact Hausdorff 
space X. For every C, D E -X, C % D if and only if C is a neighborhood of D. 
Moreover, % is a continuous lattice. 
ProoJ: Suppose that C is a neighborhood of D and that (7 Ci G D for a 
family Ci~ X. By the compactness of X, there are finitely many indices 
11 3 . . . . i, such that Ci, A . . . n C, G C, whence C4 D. 
Conversely, let (Ci) be the nested collection of all Ci E 2” which are 
neighborhoods of D. By regularity, n Ci = D. Thus, if C 9 D, then Ci c C 
for some i and, consequently, C is a neighborhood of D. The last assertion 
in the lemma is an immediate consequence of the first and of regularity. 
PROPOSITION 17. Let x be a regular convexity on a compact Hausdorff 
space X. The map x: X-+ 3? defined by x(x) := hull, {x} is continuous with 
respect to the Lawson topology on -X; the range x(X) contains all 
irreducibles of X. 
Proof: For the continuity, we have to show that (a) ~~‘(1 D) is closed 
and that (b) x-‘(fD) is open in X for every D E X. For (a) we notice that 
x E x - ‘( 1 D) if and only if hull, {x} E D, which is the case if and only if 
x E D; thus x- ‘( 1 D) = D, which is closed in X. For (b), choose 
XEX-‘( fD), i.e., DB hull,(x). By Proposition 16, we conclude that D is 
a neighborhood of hull, { x}. By the regularity of X, there is a C E X such 
that C is a neighborhood of hull, {x} while D is a neighborhood of C. 
Thus, C is a neighborhood of x such that, for every y E C, we have 
D%-Czhull,{y}, i.e., y~x-‘(lD). 
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In order to show that J:= x(X) contains all irreducibles of x, we 
can apply Proposition 13(c). By the continuity of x, ?Z is Lawson closed 
in x and every CE x is a supremum of elements in 5, as 
C=lJ{hull,{x};xEC}=sup,.. x(x). This completes the proof of 
Proposition 17. 
A convexity x is separating if hull, {x} #hull, { y} for every distinct 
x, y. Notice that 3’ is separating if and only if the map x: X + 3? defined 
in Proposition 17 is injective. From Proposition 17 we have: 
COROLLARY 18. For a regular separating convexity x on a compact 
Hausdorff space X, the map x : X -+ 3’” is a homeomorphic embedding of X 
onto a Lawson closed set x(X) which contains all irreducibles of Xx. 
Conversely, let 2 be a continuous lattice and let X be a Lawson closed 
set containing all irreducibles of 9. By Proposition 12, X is a compact 
Hausdorff space (with topology induced by the Lawson topology on 9). 
For every CE 2 the set q(C) := 1 Cn .5? is a closed subset of ?E‘. We claim: 
PROPOSITION 19. The collection x of all subsets of 3” of the form q(C), 
CE 9, is a regular separating convexity and q : 58 + &- is a lattice 
isomorphism. 
Proof: The collection %- is a convexity; indeed 0 r](C,)= 
n(~Cln%)=~~Can.T=~Cn.!2”=~(C), where C=infC,. In order to 
prove the regularity of x, choose C E 2 and ZG .!I? with E$ q(C), i.e., 
E sl C. As .JZ is a continuous lattice, there is a DE 3 such that D ZD C, but 
E < D. Thus, E# q(D) and q(D) is a neighborhood of q(C), the latter 
because q(D)=JDnXzfDnSz 1 Cn!T==(C) and iDn% is open in 
X. Thus, the convexity Z is regular. It is separating, as hull, (E> = 
lEnX= {~‘EX; P<E-> for every EE 9. Finally, 4 : -Y’ + x is injective. 
Indeed, as 3 contains all irreducibles of 5?, we have C = sup( 1 C n X) = 
sup r](C) by Proposition 13(a); hence q(C)=q(D) implies C= D. By 
definition, q: 5Z + x is surjective, whence bijective. Now it is clear that q 
is a lattice isomorphism and the proof is complete. 
PROPOSITION 20. Let x be a regular convexity on a compact Hausdorff 
space X. A function cp mapping X into S? is continuous with respect to the 
Scott topology on x if and only if its graph 
~(X~Y)~XXXY-P(X)~ 
is a u.s.c. relation on X. 
ProoJ By the definition of the Scott topology and Proposition 16, a 
map cp: X -+ x is Scott continuous if and only if the following condition 
holds: 
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For all X,,E X and every DE X with D g cp(xO) there is a 
neighborhood V of x0 such that D is a neighborhood of q(x) for 
all XE V. 
As every C E X, in particular C = cp(x,), has a neighborhood basis of 
elements of X, the Scott continuity of cp is equivalent to the upper 
semicontinuity of its graph as defined in Section 1. 
From the previous propositions we derive: 
PROPOSITION 21. (a) Let X be a regular separating convexity on a 
compact Hausdorff space A’. Then X has the Kakutani Property w.r.t. X if 
and only if x(X) has the K-property in X. 
(b) Let J?Z be a Lawson closed subset of a continuous lattice 8, 
containing all irreducibles. Then 3 has the K-property in Y if and only ifs 
(taken with Lawson topology) has the Kakutani Property w.r.t. the convexity 
comprising all the sets q(C), CE 3. 
Conclusion. Theorem 14 is equivalent to a special case of Theorem 1 
with X assumed to be separating. 
By “equivalent” we mean here that the two theorems now easily follow 
from each other. 
In order to derive the special case of Theorem 1, suppose that X is a 
regular separating convexity on a compact Hausdorff space X, suppose 
that X0 cX is dense, every finite set F!E X0 is included in a set CF with 
Kakutani Property w.r.t. X ( C,, and let @ c Xx X be U.S.C. with nonempty 
sections in X. We should prove that x0 E @(x0) for some x,, E X. 
Let % be any finite subset of x(X,,) (which is dense in x(X)). By the 
hypothesis, F := {x-l(H); HE%} is contained in a set C,EX with 
Kakutani Property; therefore by Propositions 21 and 13(c), 1 C, n x(X), 
containing %, has the K-property in X. The function cp :x(X) + X defined 
by d-4) := @‘(x-~(-@) is, by Proposition 20, continuous w.r.t. Scott 
topology in X and therefore there is E0 E x(X) such that Z0 < cp(&). Thus, 
for x0 :=x-i(&) we have x,, E 0(x0). 
Deriving Theorem 14 from Theorem 1 is quite analogous and therefore 
we skip the details. 
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